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for any admissible h

Invariants to convolution

1990s: Flusser et al., centrosymmetry assumption
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Projection operators
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Applicability of the FTBI

• Which PSF spaces S are closed under convolution? 

• For which S can we construct P ?

• Are there any [S, P] with non-trivial FTBI invariants? 

• If yes, do they correspond with real-life PSF’s?

• Calculation of the invariants in the image domain?

The answer is ...
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The PSF has N-fold rotation symmetry

Assumptions  on  the  PSF

N = 2
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The PSF has N-fold rotation symmetry

Assumptions  on  the  PSF

N = 3
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The PSF has N-fold rotation symmetry

Assumptions  on  the  PSF

N = 4
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The PSF has N-fold rotation symmetry

Assumptions  on  the  PSF

N = 5
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N = ∞ 

The PSF has N-fold rotation symmetry

Assumptions  on  the  PSF
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The PSF has N-fold dihedral symmetry

Assumptions  on  the  PSF
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N-fold rotation symmetry and N mirror reflections



The PSF has a Gaussian shape

Assumptions  on  the  PSF
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Out-of-focus blur, "geometric optic approximation"

Is it realistic?

Assumptions  on  the  PSF
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Assumptions  on  the  PSF

Handling Blur - ICPR 2016



Handling Blur - ICPR 2016



Assumptions  on  the  PSF - apertures
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Assumptions  on  the  PSF - bokeh

∞-fold rotation symmetry
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Assumptions  on  the  PSF - bokeh

https://www.flickr.com/photos/yocca/336012070/in/gallery-rominita-72157622434795504/
https://www.flickr.com/photos/yocca/336012070/in/gallery-rominita-72157622434795504/
https://www.flickr.com/photos/yocca/336012070/in/gallery-rominita-72157622434795504/
https://www.google.cz/url?q=http://www.pinterest.com/colortude/random-dark-colorful-things/&sa=U&ei=9NxbU9PoF7DH7Aac8oDwBw&ved=0CEoQ9QEwDg&usg=AFQjCNHiH2BiwpbilY9X4_T1Vch6K94uQg
https://www.google.cz/url?q=http://www.myperfectline.com/2012/04/bokeh-photography-shine-shimmer-light.html&sa=U&ei=z-BbU96zJYzH7AaXxIHIDg&ved=0CDoQ9QEwBjgU&usg=AFQjCNEft6S3uBJ1hm3YzA6hDHrLD1ONAA
https://www.google.cz/url?q=http://designm.ag/resources/55-exceptional-examples-of-bokeh-photography/&sa=U&ei=G-FbU_i1CMGS7Aa1ooDwCw&ved=0CEgQ9QEwDTg8&usg=AFQjCNG3uH6_p67q-hEE9Kv_Mr0Ub2kTbA
https://www.google.cz/url?q=http://blog.benetton.com/uk/2011/08/04/bokeh/&sa=U&ei=G-FbU_i1CMGS7Aa1ooDwCw&ved=0CEQQ9QEwCzg8&usg=AFQjCNEwdaR7_r7Uo0HgDJdZoBLZdYWpjg


Assumptions  on  the  PSF - dihedral
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What are moments?

Moments are “projections” of the image function

into a polynomial basis
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The most common moments

Geometric moments 

(p + q)  - the order of the moment

0th order  - area

1st order  - center of gravity

2nd order - moments of inertia

3rd order - skewness 
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The most common moments

Central moments 
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The most common moments

Normalized central moments 
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The most common moments

Complex moments 
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The moments under convolution

Geometric/central

Complex
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Applicability of the FTBI

• Which PSF spaces S are closed under convolution? 

• For which S can we construct P ?

• Are there any [S, P] with non-trivial FTBI invariants? 

• If yes, do they correspond with real-life PSF’s?

• Calculation of the invariants in the image domain?

The answer is ...
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Intuition: How to eliminate          ?
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• centrosymmetric PSF (N = 2) with a unit integral

Intuition: How to eliminate          ?

90% of blur invariants two fold rotation symmetry …
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Intuition: How to eliminate          ?

even
energy preserving
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Invariants to centrosymmetric 
convolution
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Invariants to centrosymmetric 
convolution
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Invariants to centrosymmetric 
convolution

where (p + q) is odd

What is the intuitive meaning of the invariants?
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“measure of anti-symmetry”



What about FT domain? 
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Convolution invariants in FT domain

Handling Blur - ICPR 2016



Convolution invariants in FT domain
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Back to projection operators 
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Invariants to convolution
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Invariants to convolution

Taylor expansion 
of Fourier transform
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Invariants to convolution

comparing the coefficients of the same powers of u
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General definition of blur invariants in 
the image domain

Ap ~ moments of the primordial image I(f) of f

No need of I(f) construction !   No need of FT !
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Invariants to centrosymmetric PSF

centrosymmetric PSF (N = 2) with a unit integral
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Invariants to centrosymmetric PSF
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Invariants to centrosymmetric PSF

(𝑃2𝑓) 𝑥, 𝑦 = (𝑓 𝑥, 𝑦 + 𝑓(−𝑥,−𝑦) )/2
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D = {p| such that |p| is even}.



Invariants to circularly symmetric PSF
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Invariants to circularly symmetric PSF
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Invariants to circularly symmetric PSF
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out-of-focus blur on a polygonal aperture
an aperture - physical diaphragm blades

Invariants to N-fold rotational PSF
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Invariants to N-fold rotational PSF



Invariants to N-fold rotational PSF
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Invariants to N-fold rotational PSF
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Invariants to N-fold rotational PSF

overestimate N  lose invariance

underestimate N  lose discriminability

different cameras  greatest common divisor



N-FRS plus axial

Invariants to N-fold dihedral symmetry 
PSF
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for any finite N, DN is not closed under convolution 

The closure property is preserved only if 
the angle 𝛼 is known and fixed for the whole S

Invariants to N-fold dihedral symmetry 
PSF
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Invariants to N-fold dihedral symmetry 
PSF



Limitation - the axis orientation must be known and fixed

Invariants to N-fold dihedral symmetry 
PSF
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“motion” blur

S - set of all functions 
of the given form  

Invariants to directional blur PSF
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“motion” blur – direction has to be known
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Invariants to directional blur PSF



+ symmetry assumption
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Invariants to directional blur PSF
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Invariants to directional blur PSF
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Invariants to Gaussian PSF

- symmetric - special case of circular symmetry blur
- asymmetric – special case of 2-fold dihedral PSF
- designed – higher discriminability

- not “image function” – no bounded support
- set of Gaussians not a vector space
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Invariants to Gaussian PSF

PG f has the same c00 and c11 as f

circularly symmetric 2D Gaussian



Invariants to Gaussian PSF

If p = q = 1  the invariant is zero
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Combined moment invariants

set S of the admissible PSFs - closed also w.r.t. the 
considered geometric transformations

N-FRS blur (N > 2) + affine transform 
dihedral blur + general rotation 
Gaussian radially symmetric blur + affine transform
directional blur + rotation 

any blur + translation and/or uniform scaling
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Combined moment invariants 
rotation

N-FRS blur, based on complex moments

radial Gaussian blur,  based on complex moments
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Combined moment invariants
dihedral

restrict the admissible rotation angles  to integer 
multiples of
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centrosymmetric PSF
other not closed under AT

Invariants to convolution and affine 
transform
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Invariants to convolution and affine 
transform

I(μ00,…, μPQ) affine moment invariant
C(p,q) blur invariant

I(C(0,0),…,C(P,Q)) combined blur-affine invariant 
CBAI
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Reported applications of convolution 
and combined  invariants

• Character/digit/symbol recognition in the   
presence of vibration, linear motion or 
out-of-focus blur

• Robust image registration (medical, satellite, … )

• Detection of image forgeries
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Robustness of blur invariants
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Leaf recognition system MEW2010

10 000 tree leaves
100 classes (species)
Recognition based solely on the contour
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Plain moments
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Leaf recognition system MEW2010



Invariants
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Leaf recognition system MEW2010



Recognition abilities of blur invariants
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Recognition abilities of blur invariants



Blur invariants and CBIR
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Satellite image registration by
combined invariants
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Control point detection
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Control point matching
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Registration result
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80

Multichannel blind deconvolution
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The Poor Fisherman, Paul Gauguin, 1896

Multichannel blind deconvolution
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Detecting forgeries



Recognition of symmetric objects

7 signs of 2-FRS 4 signs of 3-FRS
4 signs of 4-FRS 1 sign having ∞-FRS



Recognition of symmetric objects
c11 and c22



Recognition of symmetric objects
Real and Im of K2(3,0)

signs with even-fold symmetry lie in its nullspace



Recognition of symmetric objects
Real and Im of K∞(3,0)



Reconstruction versus Invariants

• Whole image is needed - > 

reconstruction

• Scene analysis, object detection -> 

invariants



Thank you…
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