Bayesian Paradigm

Maximum A Posteriori
Estimation



Simple acquisition model

* noise

z=u+n n...N(0,0%)

* + degradation

2= Hu-+n



Constraint minimization

min/|V’u2;

subject to ||z — ul]* =

or

subject to ||z — ul|* < o*



Equivalent formulation

e Constraint minimization

min/qb(\VuD subject to ||z — ul|* = o*

« Lagrangian (unconstraint minimization)

1
min{ifﬁ\z—u\de—l—)\/Qqﬁ(]Vu])da:}

* Maximum Aposteriori (MAP)



Discrete representation

z = |z1,...,2N]
m&n % Z(Zz —u;)” + )\Z o(|Vu,|)

* Image Is a random field - Each pixel
value Is a realization of some random
variable



Random variables

* Discrete: takes a countable number of
distinct values

— e.g. num. of children in a family
« Continuous: X
— probability density function (“distribution”): p(z)
p(x) =0

f T e — 1

— 00

— Moments: expectation (“average”), variance



Random variables

* Expectation

/f ’B)d’BENZfIﬂ

n=1

e Variance

var[f (z)] = E [(f(z) — E[f])?] = E[f(x)?] — E[f(z)]?



Image as a random field

uj =Ejlu]  ui = Eqfu]

'\iﬂi (‘H) |




Normal distribution

p(x) |
N |




Multivariate Normal Distribution

SRR T
2= — \ X — B X — [ .:'t-
I
k=1

N (x|p, )

. 1 1 |
p(X) = (’.-Zﬁ_)"f"-f\Z]l,.-f"‘.’(‘xl) [—;(x — ) E 7 (x - ,u.)]
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Multivariate Normal Distribution

4 0 4 5
==|o 1 =15 1
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Gamma distribution

1
Gam(\|a,b) = —— b2\ L exp(—bA) A>0, a>0, b>0
I'(a)
E[)\ = % var[\] = %
| - l! | .
()() \ | 2 O() A | 2 ()() N




Bayesian Paradigm

- p(z)

a posteriori distribution ori distributi
unknown ‘l’ a priori distribution

our prior knowledge
likelihood

given by our problem

 Maximum a posteriori (MAP): max p(u|z)
 Maximum likelihood (MLE): max p(z|u)
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Likelihood

p(ulz) o p(z|u)p(u)

|

—Inp(ulz) = —Inp(z|lu) — Inp(u)

/ w1

—Inp(zlu) = —Ink][e =" = —

202

.
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Image Prior

Inp(u) =1In H p(u;)

LLLLLLLLL
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Intensity histogram

Gradient histogram
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Image Prior

Intensities Gradients (log)
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Image Prior
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Image Prior

Qw = [ P
Tikhonov regularization

p(u) oc [[ e Vel = gmAu'Lu
1

Qw = [ 74l

TV regularization
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Image Prior

(u :)\/\VUIO‘S
/|VU‘O4

Non-convex regularization

.....
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MAP

—Inp(ulz) = —Inp(z|u)- Inp(u)

/Y
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Denoising with unknown noise level

e Noise mOdel n: . 'N(ni‘oﬁﬁ/—l) X 71/2 exp {—I?’lg}

Zi =ui+n; Sl g2 2
* Bayes: p(ulz) x p(z|u)p(u)
* and 7y IS unknown
p(u,v|z) oc p(zlu, v)p(u)p(v)
Inp(u,v|z) o< Inp(z|u,v) +In p(u) + Inp(7)

1 Iy 2 1
5 In(y) — 57(1& —2) U In Gam(v|ao, bg) =

= (ap — 1) In(vy) — bpy + const.
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-

A posteriori function

2

z = 2.5, Gam(+|100,100), N(u|0,0.01)
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z = 2.5, Gam(%|0.6,0.6), N(u|0, 1)
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MAP denoising

* Minimize the -log posterior

1 | r

In p(u, v]2) o Iy = Sy(u — 2)°
1 2
—EUI

+ (ap — 1) Iny — boy

* with respectto u : vz
T T

* With respectto 7 . 1
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MAP denoising

MAP (a, = 100, b, = 100)
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Marginalizing the posterior

z = 2.5, Gam(7/0.6,0.6), N(u0, 1)
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Marginalized denoising

* Expectation of marginalized posterior

pulz) = /p(ﬂn“IZ)dv

Elp(ulz)] = / up(ulz)du
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Marginalized denoising

u

Marg. (a, = 100, b, = 100) MAP (a, =100, b, = 100)
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Marginalized denoising

Marg. (a0 = 0.6, b0 =0.6)

MAP (a, = 0.6, b, = 0.6)
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Kullback-Lelbler divergence

« Measures similarity between two distributions

K L(pllq) = /p(:ﬂ) 111{(@}@

K L(p
K L(p
KL(p

p(x)

q) # KL(q||p)
q) >0

q) =0 < pr)=q()
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Convex function f(x)

f(Elz]) <E[f(z)]  *



Kullback-Lelbler divergence

/ (@)de=1 = KL(pllg) >0

—1In() isstrictly convex = K L(p|lqg) =0 < p(x) = q(x)
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Variational Bayes

* Approximate posterior with a simpler form
p(x1,22) ~ q1(21)g2(x2)

« Minimize KL(qiq|lp) = //qlq2111dx1da,2
with respect to g1

Of
E-L: // ] —d dr, = —L
0q1 d142 111 552 I dq;

f(ﬂ‘i‘l d1 (931) Vaqi(z1))
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Variational Bayes

OF _ 9 [ o BL g, —
dq1 dqi p
—fqg In wdxg—lr/qlq;w P quﬂfg —
p qiq2 P

= / 2(Inge + 1) +q2Ingy — g2 Inp| dxy =

— |In g1 — E$2 [111})] + const = 0 —

Ingq, = E,,[Inp] + const.

q1(x1) x exp{E,, |[Inp(x1,z2)]|}
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Variational Bayes

* Minimize with respect to all other factors g;

gi(x;) x exp{E, _,[Inp(z1,...,2;)]}
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Variational Bayes

* Minimize KL(p||lgiq2) =
with respect to ¢

// ln—dmld T
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Factorized approximation

2 2
0.5} 1 0.5}
0 : 0 '
0 0.5 21 I 0 0.5 21 I
min KL (q1(21)q2(22)|[p(21,22)) min KL (p(z1, 22)|q1(21)q2(22))
q1,492 qd1,92
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VB denoising

* Find the factorized approximation of the
posterior

:7' ~ MQQ
: 1 1 :
* IMmage. Inp(u,vy|2) x5 In~vy — 57(11, — 2)?
1
— 5?1;2

+ (ap — 1) Iny — boy

q1(u) o< exp {E, [In p(u,v|2)]} = N(ulw, (F + 1))

¥+ 1u =7z
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VB denoising

* Noise precision:
1 1

Inp(u,|z) ) In~y — 5’?’(“ —2)°
1
S §ru}2
+ (ap — 1) In~y — by
1 1 .
= (ag — 5) In~y — (bg + 5(1& — 2)“)7y + const.
q2(7) o< exp {Eqy[In p(u, v[2)]} = Gam(y|a,, b,)
1
7_(1_’}-*_ flo-l—% a,},:ao-l—i
b, bo+ i((mw— 2)2 + varlu 1
Y 0 2(( ) [ ]) b»}, _ b{j 4 §Eu[(u _3%)2]



VB denoising
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Comparison
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Bayesian Paradigm for BD

a posteriori distribution

unknown a priori distribution

our prior knowledge

likelihood
given by our problem

« Maximum a posteriori (MAP): max p(u, h|z)
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Blind deconvolution with MAP

« max a posteriori probability p(u, h|z)

= min — log p(u, h|z)

~logp(u 1) o [ GRBE

* Exponential family

R

E(u,h) = 2 lluxh—z|* + Q(u) + R(h)
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Bayesian Paradigm revisited

« Marginalize the posterior
p(hl2) = [ plu.hl2)du
« Maximize the marginalized prob.

h = arg m}axp(h|z)

* and then maximize the posterior

@ = arg max p(u, h|z)
”
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MAP

u:[u(l) u(2) u(3)] Delta function

=06 p(u, h|z)

no-blur
solution

Marginal =/ oy 4
p(h|z)

ol
ey
-
--.____
e z
g,
s

blurred

image
/> e
-0.4
08 0.6 .
1 sharp image
h = h(x) nh i = u(x)
B correct
solution
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How to marginalize?

p(hl2) = [ pCu.hle)du

* If Gaussian distributions = analytic
solution exists In the form of Gaussian

distribution

* If not (our case) - approximation

 Laplace approximation
 Factorization with Variational Bayes
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Variational Bayes

* Factorization of the posterior ki o1
h ~ h Fergus 06
p(u, hlz) = q(u)q(h) Whyte 10

and then marginalization is trivial. ~ >/" "

Wipf 14

* Every factor g depends on moments of
other variables => must be solved

iteratively.
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Example of blind deconvolution

Blurred image Reconstructed image

z(x) u(x)
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